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Abstract 

Harsanyi has advanced three arguments in defence of utilitarianism. 
One defence is based on the separability of the social-welfare function 
with respect to individual utilities, the second defence requires social 
and individual preferences to satisfy the expected utility hypothesis, 
while the third defence considers the choices that would be made if there 
were an equal chance of obtaining any position in society. We develop a 
framework in which these three defences may be compared, We demonstrate 
that with complete welfare information each of these proposals results in 
a different ordering of the social alternatives, and that none of these is 
classical utilitarianism. 
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1 . INTRODUCTION 

There have been many attempts to justify particular social-evaluation 

rules. Of these rules, ~awls' difference principle (maximin or its lexico- 

graphic counterpart) and utilitarianism have received the most attention. 

John Harsanyi has attempted three important arguments for utilitarianism 

[1953, 1955, 1976, 19371. In this paper, we develop a framework in which 

these three defences may be compared. We are able to produce three spe- 

cific models from our general framework by employing different sets of 

assumptions. 

In spite of a quarter century of discussion of ~arsanyi's work, there 

has yet to emerge a consensus about the precise specification of each of 

~arsanyi's models. Thus, while each of our models is similar to ~arsanyi's 

own, we do not claim to have replicated his models exactly. In deriving 

each of our models from our general framework, we try to make clear exactly 

which assumptions are critical foreachmodel. Further,wediscuss therelation- 

ships among the models and their relationships with the utilitarian rule. 

To define the utilitarian rule, we assume the existence of a "Bentham" 

(extended) utility function, B , whose image B ( x , i )  is the utility that 

person i gets in state x . This function is assumed to be numerically 

significant, and allows complete interpersonal comparability. In this no- 

tation, the utilitarian rule ranks state x at least as good as state y 

i f  and only if. 2: B ( x , i )  2 2  B(y,i). Thus, the Bentham utility function 
i i 

provides an objective standard with which to rank alternative social states. 

The existence of objectively valid interpersonal comparisons of utility is 



not essential for our results; an alternative subjectivist approach is 

briefly considered in our concluding remarks. 

In each model an agent is endowed with an extended utility function 

and in the first and second models an agent is also endowed with a social- 

evaluation functional, An extended u t i l i t y  funetion maps social stations 

- being person i in state x - into the real numbers. By considering 

the restriction of an extended utility function to situations involving 

only the evaluating agent, we obtain the ordinary notion of a utility 

function. A social-eualuation funetic?zal maps extended utility functions 

into orderings of social states. An extended utility function can be 

thought of as representing an agent's regular preferences while a social- 

evaluation functional represents his moral preferences. 

We employ two types of restrictions on the social-evaluation functionals. 

The first restriction captures the notion that an agent may have difficulties 

in making precise interpersonal utility comparisons because of inadequate 

information. The set of extended utility functions is partitioned into in- 

formation sets; members of the same set cannot be distinguished fram one 

another using the available information. Our "information invariance" as- 

sumption requires social-evaluation functionals to map all elements of the 

1 same information set into the same social ordering. For example, full 

numerical comparability means that each information set is a singleton and, 

hence, no restriction is placed on the social-evaluation functional. On 

the other hand, cardinal comparability means that each information set con- 

'see Sen [1977b; 19791. 



tains all those extended utility functions which are positive affine trans- 

formations of each other. 

Our second restriction relates the actual extended utility fynction 

used to form the social evaluation to the Bentham utility function. We 

shall be assuming that each agent attempts to employ an extended utility 

function which incorporates objectively valid interpersonal utility compa- 

risons. However, given the information available, it may not be possible 

to implement this objective completely. Consequently, we require each agent 

to choose an extended utility function from the same information set as the 

Bentham utility function, In the case of numerical comparability, this re- 

quires each agent to use B as his extended utility function while in the 

case of cardinal comparability this means that each agent's extended utility 

function can be written as a positive affine transformation of the Bentham 

utility function, 

We assume that the social-evaluation functionals are of the welfarist 

type (satisfying Pareto indifference, independence, and unlimited domain). 

Because of this, we are able to replace each social-evaluation functional 

with a social-welfare-function, a real-valued function defined on the indi- 

~iduals' utility values alone. 

The first model (Section 4) is based on a separability condition on 

the social-welfare function. It requires that, if a number of individuals 

are indifferent between two states, the social ordering will depend on the 

utilities of the remaining individuals, independently of the utility levels 

of the first group. 



In the case of numerical comparability and the assumption of symmetry 

in the Bentham utilities, then, for the kth evaluator, x is at least 

k k k as good as y if and only if Z'P (~(x,i)) z.3 (~(y,i)) where cC, 

i i 
is an arbitrary increasing and continuous function. (See the Corollary 

to Theorem 4). Thus, these orderings of the social alternatives are not 

the utilitarian rule, even if each individual has the same moral prefe- 

rences ( q ~ ~  = '0 for all k-). In order to eenerate the utilitarian re- 

sult, we must assume that each social-evaluation functional satisfies in- 

formation invariance with cardinal comparability. That is, if individual 

utilities are subjected to a common positive affine transformation, the 

social ordering is unchanged. This latter result is not very satisfying, 

since it depends critically on an informational restriction that must be the 

same across all (moral) agents. 

The second model (Section 5) extends the discussion to uncertain events. 

The social-welfare functions and the individual utility functions satisfy 

the expected utility hypothesis, and we assume that there is agreement about 

the (subjective) probabilities for each event. If the principle of accep- 

tance is applied to only events which occur for certain, then with numerical 

comparability and symmetry, agent k ranks state x for certain at least 

k k 
as good as state y for certain if and only if 2 g (B(x,i)) > C g (B(y,i)) 

k 
i i 

where g is an arbitrary increasing and continuous function. The function 

gk may be different from [pk (above). Extending the application of the 

acceptance principle to uncertain events, ek = g for all k . Again, 
we do not obtain the utilitarian rule. Further, since there is no reason 

t h a t  g = ( P  , the results of the previous section and this one do not 



agree with each other. However, as in Section 4, if we relax numerical 

comparability to cardinal comparability, it is possible to obtain the uti- 

litarian rule in this model as well. 

The third model (Section 6) is somewhat different from the first two. 

An individual is deprived of the knowledge of who he is going to be in so- 

ciety. If he has an equal chance of being anyone in his society, we may 

interpret his ranking of society's alternatives as a sort of moral ranking 

(even though it may be based on self-interest). With numerical compara- 

bility, the ranking again takes on the same functional form as in the 

second model. Therefore, the ranking of social states is not the utili- 

tarian ranking. However, as was the case with the earlier models, the 

utilitarian rule can be obtained with cardinal comparability. 

We are thus led to the conclusion that with complete welfare infor- 

mation, that is, when it is possible to make numerically-significant inter- 

personal utility comparisons, none of our models result in the utilitarian 

rule nor do all three models result in the same social-evaluation rule. 

However, it is possible to generate the utilitarian rule in each mode1,but 

only by making an information assumption which seems quite arbitrary and 

which is certainly not empirically accurate. 

There can be no doubt that Harsanyi has make one of the most signifi- 

cant contributions to welfare economics; his equal-probability model, in 

particular, represents a great intellectual advance. Our results do not, 

of course, detract from these contributions nor do they provide an argument 

against utilitarianism; our argument merely makes clear that this type of 



extended sympathy argument does not provide a complete rationale for uti- 

litarianism. This will not surprise many readers; for example, Sen 11979,  pp. 

60-631 argues that an independent axiomatization of utilitarianism is 

needed in addition to ~arsanyi's work. We hope that the present paper pro- 

vides the axiomatization Sen is asking for, and also hope that the role of 

the alternative sets of assumptions employed and the interrelationships 

between the three models is now more clearly understood than before. 

2. SOCIAL-EVALUATION FUNCTIONALS 

Let S = {x,y,z, ...} be a set of social alternatives with at least 

three elements.. In Section 5, we further assume that S is a connected 

subset of IRS , Euclidean s-space. In comparing our three models we re- 

quire S to be the same set, and thus be connected; however, the results 

in Sections 4 and 6 are valid for more general sets. Society consists of 

n (n > 3) individuals with N = 1 2 3 ,  , n  A sociaz evazuation is an 

ordering of the elements of S . This evaluation is made on the basis of 

an ordering, assumed representable by a real-valued function, of the ele- 

ments of SxN. In other words, comparisons of "being person i in state 

x " with "being person j in state y" are used to form the social evalua- 

tion of alternative social states. 

Formally, a social-evaluation functional F : U -, I? is a mapping from 

the set U of admissible real-valued exte,nded utility functions2 on S x N 

to the set I? of orderings of S . Elements of S X N  are called social  

s t a t i o n s  with typical element denoted (x,i) while elements of are social 

'~xtended utility functions are defined on S x N while (~ersonal) utility 
functions are defined on S . 



evaluations. For U E U, U(x,i) is interpreted to be the utility which 

the evaluator attributes to person i in state x . We define % := F(U). 

This framework is extremely flexible, allowing for a wide variety of 

assumptions concerning the measurability of some particular individual's 

utility function U(.,i) and the commensurability of different individuals' 

utilities. Different commensurability and measurability assumptions are 

obtained by partitioning U into information sets and requiring all extended 

utility functions in the same information set to be mapped by F into the 

same ordering of S . For example, in the Arrow [I9511 framework no inter- 

personal comparisons of utility are possible (commensurability assumption) 

and all individual utility functions U , )  are assumed to be ordinal 

(measurability assumption). Thus if Us can be obtained from U by, pos- 

sibly independent, increasing transformations of the U(*,i), then 

F(U) = E(U') . It is of utmost importance to note that there is an inverse 

relationship between the strength of the commensurability-measurability 

assumptions and the restrictiveness of the invariance properties. As 

Sen [1977b, p. 1541 puts it : "... the less  the information, the wider is 

the range oE values over which no discrimination, is possible." 

To make these ideas precise, we suppose U has been partitioned into 

a set A = { A ~  1 t E T }  where T is an indexing set. Each At, t E T is 

an information set. We require the social-evaluation functional to be in- 

variant within an information set. 

Information Invariance : VU, U' E U , if U, U' E At, t E T, then 

F(U) = F(U'). 



We shall have occasion to consider two different partitions of U . 
In the first partition, all individual utility functions are numerically 

significant and fully interpersonally comparable - the finest partition 

of U which is possible. 

Numerical Comparability : V U ,  U' E U, if U E At and U' + U, then 

U' k A t ,  t E 7 .  

The second partitioning of U will result in the social-evaluation 

functional being invariant with respect to co~mon scale changes in the in- 

dividual utilities and with respect to common changes of origin. 

Cardinal Comparability : VU, U' E U, U, U' E At, t E 7, if and only if 

3 a ,  b E IR with b > O  such that U'(x,i) = a + bU(x,i), V(x,i) E S x N. 

For each U E U, RU is a social  evaluation.  Under certain circum- 

stances, all of these orderings of S can be represented by a single or- 

dering R on lRLL, the space of utility n-tuples; that is, there is an 

isomorphism between the image of the functional F and the ordering R. 

Specifically, Vx, y E S, V U  E U, xRUy if and only if URU' where 

u = (ul,---,un). u' = (u;, . . . ,uA), u. 1 = U(x,i), and u! 1 = u(Y,~) for 

all i E N .  When this isomorphism exists, alternatives with the same uti- 

lities for the same individuals are indifferent in the social evaluation 

and non-welfare characteristics of an alternative are ignored. For this 

reason, this approach to social evaluation is called welfarism. 

Welfarism places restrictions on the nature of the social-evaluation 

functional F. Theorem 1 establishes that the following three conditions 

on F are necessary and sufficient conditions for welfarism. 



Unlimited Domain : L l  consists of all real-valued extended utility func- 

tions on S x N. 

Independence of Irrelevant Alternatives : VU, U' E U ,  V D  c S, if - 

U(x,*) = U1(x,*) V x  E D, then F(U) and F(u') coincide on D. 

Pareto Indifference : V U E  u ,  Vx, y e  S, if U(x,i) =U(y,i) v i  E N ,  

then xIUy where IU is the indifference relation corresponding to 

We refer to these three conditions on F as the welfarism axioms. 

Theorem I : F s a t i s f i e s  the  wel far ism axioms if and only  if there  is an 

ordering R on 7Rn such t h a t  Vx, y E S, V U  E U ,  xRUy f-+ uRu' 

where u. = U(x,i) and ui = U(Y,~), V i  E N .  
1 

Proof : Blackorby and Donaldson [1979b, Theorem A.11. 

Given a social-evaluation function F , there is only one ordering of 

Xtn, no matter which U E U is chosen. However, the ordering of S 

depends upon the choice of U E U .  Consequently, even if two agents have 

the same moral preferences (choose the same F), they may still order the 

elements of S differently if they form their social evaluations on the 

basis of different extended utility functions. 

We conclude this section with two further axioms for F and R . 

Continuity : The ordering R is continuous. 

This assumption makes it possible to represent R by a continuous 

socia l -ue l fare  funct ion  W : lRn + R so that uRu' C+ W(u) W(u1) . 



W implicitly defines the social-eualuation function fU : S + IR, by 

fu(x) := W(U(X, I ) ,  . . .,u(x,n))) V U  E U ,  V x  E s g 3  Thus, xRUy ++ fU(x) 2 

fU(y); that is, fU represents RU. If S is a connected subset of 

IRs and each U(*,i) is continuous, then the function fU and the or- 

dering RU are continuous. 

Pareto Preference : V U  E U, Vx, y E S , if U(x,i) 2 U(y,i) V i  E N and 

3 i  E N such that U(x,i) > U(y,i), then xPUy where PU is the strict 

preference relation corresponding to Ru 

This assumption implies that the social-welfare function W is in- 

creasing in each of its arguments. From a social perspective, each person's 

utility is to count positively. However, nothing in this framework prevents 

the personal preferences as represented by U(*,i) from displaying male- 

4 valence. 

3. BENTHAM UTILITIES 

Interpersonal comparison of utilities are an important part of Harsanyi's 

5 work. Harsanyi assumes that when an individual makes a social (moral) eva- 
C 

3~ social-welfare function has an n-tuple of utilities as arguments in con- 
trast to a social-evaluation function which is defined on social states. 

'our modelling of welfarism is based on Maskin [1978]. Variants of Theorem 1 
are proved by Guha [19721, Blau [1976], d1t\sprernont and Gevers [1977], 
and Hamrnond [1979]. For criticisms of welfarism, see Sen [1977a; 1977b, 
Section 81. Sen [1977b; 19791 provides a general discussion of the social- 
evaluation functional approach, emphasizing informational issues. Russell 
and Wilkinson [I9791 provide a textbook account of social-evaluation func- 
tional~ with welfarisrn as a maintained hypothesis. 

'see Harsanyi l1955, Section V; 1977, Section 4.4; 1977, Section 4.101 and 
Jeffrey [ 197 1 ; 19741. 



luation, he will do so on the basis of interpersonal utility comparisons 

which are internally consistent. This can be guaranteed in the framework 

developed in Section 2, by assigning the social-evaluation functional F 
k 

to individual k ,  Vk E N ,  which has as its domain a set of extended utility 

functions on S x N. Yet to make the theory operational, it is necessary 

to determine which extended utility functions are appropriate members of 

U to use in forming the actual social evaluation of S. This is accom- 

plished by assuming the existence of utility comparisons which possees 

objective validity. Because of differences in information, the actual com- 

parisons being made may not agree with the objective circumstances and could 

vary from one observer to the next. We assume that the evaluator is striving 

for objective validity. Consequently, he would base his evaluation on an 

extended utility function chosen from the same information set as the ob+ 

jective extended utility function. This assumption is in keeping with the 

utilitarian tradition of only employing welfare information when making moral 

decisions. Furthermore, this assumption embodies a principle of consumer 

sovereignity; subject to his limited information, each evaluator is to use 

person i's own welfare judgements when comparing ( x , i )  with (y,i), 

'dx, y E S. 

We assume the existence of a Bentham [ I 7 8 9 1  u t i l i t y  function 

B : S x N -, E. The Bentham utility function is numerically significant 

and allows fully interpersonal comparisons of utility. 

Utilitarianism specifies an ordering of S for each Bentham utility 

function. We say that SU E R is a u t i l i t a r i a n  order for B if and only if 



X R ~ L J y  
t-, zB(x,i) z~(y,i), Vx, y E S. 

i i 

The Bentham utility function and the utilitarian ordering (3.1) pro- 

vide a basis for comparing Harsanyits three defences of utilitarianism. 

We consider these defences in the following three sections. 

4. SEPARABLE SOCIAL-WELFARE FUNCTIONS 

In this section we consider a model of social evaluation based on the 

separability of social-welfare functions. This problem has been studied 

by Fleming [1952], Harsanyi [1955, Section 11; 1977, Section 4.91, 

Deschamps and Gevers [1977], and Maskin [1978]. 

We assume that S is a set of certain alternatives. Each agent in 

society is endowed with a social-evaluation functional F~ : U + R, k E N. 

We adopt the axioms of Section 2 so that is isomorphic to a continuous, 

increasing social-welfare function wk : R~ + E, k E N .  

A social-welfare function which satisfies the strong Pareto condition 

is said to satisfy elimination of (the influence of) indifferent individuals 

if, whenever a group of individuals are indifferent between two alternatives, 

the social choice between them depends on the utilities of the remaining 

individuals alone, independent of the utility levels of the first group. 

Formally, this is the requirement that a social-welfare function satisfies 

complete strict separability with respect to N . To define this concept, 
we need to first define strict separability. 

- c r 
Let N = {N , N  } be a partition of N , that is, N' U N~ = N and 

N' n Nr = 4 . This partitions the vector of utilities u = (u], . . . ,un) 



c r c u (r) 6 
into u =  (u , u )  where u E and u E IR . 

Strict Separability : N~ is strictly separable from its complement in 

k c r k  c wk if and only if the set {ur E 1~'~) I W  (u  ,u ) > W  (u ,G~)I is inde- 

C 
pendent of u for all (uC,cr) f R ~ .  

This implies that the conditional ordering on IR(r) generated by 

C wk when u is held fixed is independent of the particular values chosen 

C 
for the vector u . If this independence holds for all  arti it ions of N , 

k 
then W satisfies complete strict separability with respect to N. 

k 
Complete Strict Separability with Respect to N : W satisfies complete 

strict separability with respect to N if and only if N~ is strictly 

separable from its complement in Wk for all N~ E 2N/# . 

When combined with continuity, this condition requires additive sepa- 

k  
rability of each W . A 

k  
Theorem - 2 : I f  each w , k f N, i s  continuous, increasing, and completely 

s t r i c t l y  separable wi th  respect  t o  N , then each social-welfare function 

can be wr i t t en  as  

where ;k is increasing i n  i t s  argument. 

6 See Blackorby, Prirnont, and Russell [1978, Chapter 3 1  for a careful dis- 
cussion of this partitioning as well as an extended discussion of the 
separability concepts which follow. 

72N/# is the set of all non-empty subsets of N. A detailed discussion 
of this condition in the context of social-welfare functions is provided 
by Deschamps and Gevers [ 19771 who consider a number of different inter- 
pretations of the set S. 



Proof : Gorman [1968, Theorem I ]  or Blackorby, Primont, and Russell [1978, 

Theorem 4.81. 

Corollary : If in addition to the assumptions in Theorem 2, each wk is 

symmetric, then each sociaZ-welfare function can be written as 

There appears to have been a great deal of confusion in the literature 

concerning functions of the form (4.1) or (4.2). While it is true that 

k 
wk(u) and ( u )  generate the same level surfaces in ; their 

i 
particular numerical representation of these surfaces need only be positive 

*k 
monotone transformations of each other. Consequently, W cannot be ar- 

bitrarily set equal to the identity mapping. Furthermore, there is no 

reason to expect the 
k 

'i 
to be identity mappings either; each person's 

utility numbers are subjected to a specific monotone prior to the sunmation. 

In (4.2) these transformations 80 not depend upon which person's utility 

we are considering, although they can vary from one evaluator to the next. 

We now consider the comparability properties of the utility vectors 

k 
explicitly. In the case of numerical comparability, W is not required 

to satisfy any invariance restrictions. Consequently, with this informa- 

tional assumption, it is not possible to strengthen the conclusions of 

Theorem 2 and its Corollary. 

However, if there is imperfect discrimination between the elements of 

$, the functional form of the social-welfare func t ion  will be further re- 

stricted. With cardinal comparability we obtain Theorem 3. 



Theorem 3 : If in addition to the assumptions of Theorem 2 , each F k 

satisfies information invariance with cardinal comparability, then each 

social-welfare function can be written as 

k ** 
where yi > 0, Vi, k E N, and W is increasing in its argument. 

Proof : Blackorby and Donaldson [1979a, Theorem 1 1 1 .  

k CoroZZarg : If in addition to the assumptions in Theorem 3 , each W is 

symmetric, then each social-welfare function can be written as 

where ik is increasing in its argument. 8 
k k k 

Equation (4.3) has the consequence that uR u' ++ 2y.u. 2 z y  u '  or . 1 1  . i i '  
k k k 

1 1 
i k 

xR ky +-+ Zyiu (x,i) > Cy.U (y,i), a weighted utilitarian rule for the 
u 1 i i 

k 
funetion U . Equation (4.4) yields the usual utilitarian rule. We must 

emphasize that (4.4) determines an ordering of XIn , an ordering which is 

independent of k . However, the utilitarian order defined in (3.1) is an 

ordering of S . An ordering of S is obtained from a social-welfare 

function by employing a particular extended utility function, LJk E uk .  

This choice uniquely determines a social evaluation R~ from the social- 
uk 

 his is essentially the theorem established by Maskin 119781. To account 
for the differences in our results and those of Deschamps and Gevers 11977, , 
p. 791 , see Sen [1977b, Section 41. 

"*A 



welfare function. To obtain the utilitarian order (3.1) from the social- 

welfare function (4.4), it is necessary for each evaluator to pick a uk 

which is a positive affine transformation of the Bentham utility function. 

Thus, the particular ordering of S depends not only on the choice 

of a social-welfare function but also on the choice of a particular ukE U. 

In making a social evaluation we require the choice of uk to satisfy the 

pr inc ip l e  o f  acceptance. 

principle of Acceptance : Given a partition A of U and a Bentham 

k 
utility function , RUk satisfies the principle of acceptance if and 

only if uk and B are in the same information set of A . 

For example, suppose that A is the partition of U for cardinal 

comparability. Then satisfies the principle of acceptance if and 

k k k k 
only if 3 a  , bk such that U (x,i) = a  B(x,i) + b , a k > O  for all 

It is then straightforward to establish the following results. 

Theorem 4 : I f ,  i n  a d d i t i o n  t o  t h e  assumptions o f  Theorem 2 , each F 
k 

s a t i s f i e s  i n f o m a t i o n  invar iance  w i t h  numerical comparabil i ty  and i f  socia2 

evaZuations are required  t o  s a t i s f y  t he  pr inc ip l e  o f  acceptance, t h e n  for  

aZZ x ,  y E S, for  a l l  B E U, 

where R~ i s  t h e  k t h  person 's  s o c i a l  eva lua t ion  when B i s  t h e  Bentham 
B 

utf Zity function. 



Corollary : I f  i n  add i t ion  t o  t h e  assumptions o f  Theorem 4 , each wk i s  

symmetric, then  for a22 x, y E S, for a22 B E u 

k k k 
xRBy +-+ , i  2 B y , ) ,  k E N .  

i i 

k 
It is tempting to note that, in ( 4 . 5 ) ,  i(B(,i)) is ordinally equi- 

k 
valent to B , )  for each i . Consequently, if we define B (x,i) := 

k 
iB(x,i)), (4.5) may be written 

Harsanyi interprets this as a kind of utilitarianism although, of  course, 

it does not  agree with the utilitarian ordering of S in 3 .  Addi- 

tional assumptions are needed for that. 

Theorem 5 : I f  i n  add i t ion  t o  the  assumptions of Theorem 3 , soc ia l  eva- 

luat ions  are required t o  s a t i s f y  t h e  pr inc ip le  o f  acceptance, then  for 

a22 x, y E S, for a l l  B E U , 

k k 
xRBy+-+ zy: B(x,i) 2 Z y i  B(y,i), k E N .  

i i 

k 
Corollary : I f  i n  add i t ion  t o  the  asswnptions o f  Theorem 5 , each W i s  

symmetric, then for a l l  x, y E S, for a22 B E U ,  

Equation (4.9) is the utilitarian social evaluation. It is worth re- 

marking that it is not necessary f o r  there to be complete agreement among 

k' agents, in the sense that need not equal W , for utilitarianism to 



result. However, even if there is complete agreement in this sense, none 

of (4.5) - (4.8) are the symmetric utilitarian evaluation (3.1). 

In the presence of numerical comparability, Theorem 4 established 

that social evaluations can be rationalized by a social-welfare function 

which is additive in the Bentham utilities. To obtain the utilitarian 

evaluation, an anonymity requirement is coupled with cardinal comparability. 

It must be stressed that the separability approach, unlike the model pre- 

sented in Section 6, does not posit the existence of an evaluator who is 

deprived of certain information on the grounds that it is morally irrelevant. 

Sen [1977b, p. 15481 has noted that "Axiomatizing moral principles through 

informational constraints might appear as a confusion of ethical and epis- 

temological considerations." Even if one agrees with Sen that the feasi- 

bility of particular comparisons can play a role in determining the accep- 

tance of moral rules, there does not appear to be any compelling reason 

why cardinal comparability should be chosen to represent the informational 

constraints. In the model considered in this section, it is the individual 

agents in society who make the social evaluations. Certainly, an evalua- 

tor's personal utility function (on S) should be numerically significant 

even if his evaluation of some other person's utility function is not nu- 

merically significant. Thus, if the informational constraints are supposed 

to be empirically accurate, it would seem that the partitioning of U into 

information sets should vary from one observer to the next. 



5. THE EXPECTED UTILITY APPROACH 

In this section we allow for uncertain events and require social- 

evaluation functions to satisfy the expected utility hypothesis. In the 

formation of these social evaluations, attention is restricted to situa- 

tions where the individual utility functions satisfy the expected utility 

hypothesis as well. This approach to social evaluation was considered by 

Harsanyi [1955, Section 111; 1977, Section 4.81 and Samuelson 11977, 

Section 21. While, in this model, social evaluations are orderings of 

uncertain alternatives, by considering the restriction of these orderings 

to the subset of certain events, comparisons with the results of the pre- 

vious section are possible. 

1 
We assume that there are M states of nature so that X = (x ,..., 

M M 
x ) E S , the M-fold Cartesian product of S , is a complete descrip- 

tion of the environment. If x E S occurs for certain, this is denoted 

C C xC = (x,. . . ,x) where X E S , the set of certain events. Each person 
N 

has a social-evaluation functional (for uncertain events) @ : + u, 

k E N, where is the set of admissible real-valued extended utility 

N 

functions on S ~ X N  with typical element U, and ?! is the set of or- 

dering~ of sM. Throughout this section we maintain the axioms of Section 2 

4 4  
suitably reinterpreted, so that ~ i j k  E z, ak := F (U ) can be repre- & 

U M 
sented by a continuous social-evaluation function : S + l R ,  k E N  

and ? is isomorphic to a continuous increasing social-welfare function 

' ~ n  this section, we assume that S is a connected subset of IRS. 



We now assume t h a t  "k s a t i s f i e s  t h e  expec ted  u t i l i t y  h y p o t h e s i s .  
10 

f~ 

Thus, i t  can be  w r i t t e n  a s  

* 
2 (X) = 
? m 

where 
k 

Pm 
i s  pe rson  k ' s  s u b j e c t i v e   roba ability t h a t  s t a t e  m w i l l  

* 
k 

i s  i n c r e a s i n g  i n  i t s  argument.  
11 

occur ,  m = 1 ,  ..., M, = Pm 
= 1 ,  and 

m -* 
-K 

The e v a l u a t o r  f u n c t i o n  f* does no t  depend upon t h e  p a r t i c u l a r  s t a t e  

be ing  cons idered ;  consequent ly  

Although t h e  we l f a r i sm  axioms ensu re  t h a t  ?? s a t i s f i e s  un l im i t ed  
N 

domain, we a r e  on ly  i n t e r e s t e d  i n  a p a r t i c u l a r  s u b s e t  of  . We con- 
N 

s i d e r  on ly  t hose  E U which when r e s t r i c t e d  t o  person  i t s  u t i l i t y  
I 

C 

f u n c t i o n  ( a s  perce ived  by k )  i jk (*  ,)d) s a t i s f y  t h e  expected u t i l i t y  hypo- 

t h e s i s ,  f o r  a l l  i ,  k  E N .  

lo See Arrow 119651 and Blackorby, Davidson and Donaldson [ I 9 7 7 1  f o r  a  
d i s c u s s i o n  of t h e  expected u t i l i t y  hypo the s i s  where s e p a r a b i l i t y  argu- 
ment l i k e  t hose  employed i n  S e c t i o n  4 a r e  used.  The d i s c u s s i o n  i n  
DrSze [ 1 9 7 4 ]  i s  a l s o  r e l e v a n t .  

l1 A s  no ted  i n  t h e  d i s c u s s i o n  of (4 .1)  and (4 .2 ) ,  i t  i s  n o t  l e g i t i m a t e  t o  
* 
--k 

s e t  f equa l  t o  t h e  i d e n t i t y  mapping. The te rm in squa re  b r a c k e t s  i n  
T T 

(5.1 ) rs o r d i n a l l y  equ iva l en t  eo  Tk b u t  n o t  n e c e s s a r i l y  i d e n t i c a l  +' 



The s u b j e c t i v e  p r o b a b i l i t i e s  can  vary i n  two q u i t e  d i f f e r e n t  ways. 

The f i r s t  way i s  obvious from t h e  n o t a t i o n ;  t h e  s u b j e c t i v e  p r o b a b i l i t i e s  

may d i f f e r  from one i n d i v i d u a l  t o  ano the r .  The second way i s  n o t  s o  c l e a r ;  

a l though each i n d i v i d u a l  has  b u t  one soc i a l - eva lua t ion  f u n c t i o n a l  ?, 
N 

k E N ,  the   roba abilities may vary depending upon which ijk E U i s  chosen. 

I n  o rde r  t o  be ab l e  t o  compare our  r e s u l t s  wi th  those  of Harsanyi ,  who 

assumes t h e  e x i s t e n c e  of o b j e c t i v e  p r c b a b i l i t i e s ,  w e  a s s m e  t h a t  a l l  

subject ive  probab i l i t i e s  coincide across agents and t h a t  i n  (5 .1)  pk = pm,  

V k  E N ,  m = I , .  . . ,M. Hence, f o r  t hose  ( ,  which s a t i s f y  t he  ex- 

pected u t i l i t y  hypothes i s  (and t o  which we a r e  r e s t r i c t i n g  our  a t t e n t i o n )  

we may w r i t e  

* 
where i s  i n c r e a s i n g  i n  i t s  argument. 

1 

When a t t e n t i o n  i s  r e s t r i c t e d  t o  c e r t a i n  a l t e r n a t i v e s ,  t hen  we may 

w r i t e  

This provides  s u f f i c i e n t  i n fo rma t ion  f o r  us t o  prove t h e  main r e s u l t  of 

t h i s  s e c t i o n .  

Theorem 6 : I f  the social-evaluation function 
-k 

and each U ( * , i )  

s a t i s f y  the e q e c t e d  u t i l i t y  hypothesis ,  the  subject ive  probabi l i t i e s  coin- 

+ tide and are pos i t i ve ,  and the range o f  each u ( 0  , i )  i s  an i n t e r v a l ,  

then the  social-evaluation function may be w r i t t e n  as 



?k (X)  = 
+ ;̂ Jlc m ( z a k x p m  u ( x  .i) + b 

P 1 '-3. i m ") 
where each ak is p o s i t i u e  . 

1 

Proof : From Theorem 1 ,  we may w r i t e  

-k C 4 c + c 
f (X ) = W ( U  (X ,l),...,U (X , n ) )  
;;k * 

+--ka L2c 
= W (U,[U ( x , l ) I  ,..., U [U ( x , n ) l )  [us ing  ( 5 . 4 ) I  

n 

[us ing  ( 5 . 2 ) ]  

Using (5 .1 )  and the coincidence of s u b j e c t i v e  p r o b a b i l i t i e s ,  

* 
'Ek (X) = 

-k 

?? 
[ 2 P m  z (xrn)]-  

f$ rn ?? 
This ,  i n  conjunct ion  wi th  the  l a s t  e q u a l i t y  i n  (5 .6 ) ,  y i e l d s  

From Theorem 1 and (5.3)  

By equat ing  (5.8) and (5.9)  w e  have a f u n c t i o n a l  equat ion  i n  the  s o c i a l -  

-k 
wel fa re  func t ion  W . To s e e  t h i s  more c l e a r l y  we in t roduce  some t r a n s -  



and 5 by 

* 
--k 

Equating (5.8) and (5.9) , inverting fWky and substituting (5.10) - (5.12) 
u 

into the result yields 

Equation (5.13) is a Pexider equation whose solution for 9 is P 

using (5.9), (5. lo), and (5.12) , this yields 

k N 

where each a. is positive as W is increasing. 
1 

12 See the excellent discussion in Eichhorn [ 1978, p p .  49-52] . Eichhorn's 
proof assumes (5.13) holds for all of 3Rn, which is not guaranteed by 
our assumptions since the range of i j k ( a , i )  could be a strict subset 
of lR for some i . However, our continuity and range assumptions 
ensure that the same solution obtains over our restricted domain. 



CorolZary I : If, i n  add i t ion  t o  t h e  assumptions of Theorem 6 ,  $ is 

symmetric i n  i t s  arguments then  the  soc ia l -evaluat ion  funct ion may be 

* 
--k 
f  (X)  = 

4 m 

ijk f+ 

( a k z  ~ p  m U (x  , i )  + bk), 
i m 

where ak > 0.  

When cons ider ing  c e r t a i n  a l t e r n a t i v e s  (5 .5)  and (5.15) have a  s l i g h t l y  

s impler  s t r u c t u r e .  The former becomes 

and t h e  l a t t e r  becomes 

Some i n s i g h t  i n t o  t he  n a t u r e  of t h i s  r e s u l t  can be  gleaned f r o m  ex- * 
amining the  e q u a l i t y  of (5 .8)  and (5 .9)  i n  t h e  s p e c i a l  case  where ?k * ;i"rc 

U 

and each i E N a r e  i d e n t i t y  maps.  his y i e l d s  

The l e f t  s i d e  of (5 .18)  i s  t h e  expected va lue  of s o c i a l  we l f a r e  t o  be de- 

r i ved  from W whi le  t he  r i g h t  s i d e  i s  t h e  l e v e l  of s o c i a l  we l f a r e  asso- 

c i a t e d  w i th  a s s ign ing  each person h i s  expected u t i l i t y  from X.  I n  t h i s  

s p e c i a l  case t he  o rde r  i n  which t h e  expec t a t i on  ope ra to r  and t h e  we l f a r e  

f u n c t i o n  ope ra to r  a r e  employed i s  o f  no constequence. The g e n e r a l i z a t i o n  



of t h i s  accounts  f o r  t he  l i n e a r  s t r u c t u r e  found i n  (5 .5)  and ( 5 . 1 5 ) - ( 5 . 1 7 ) .  

Before proceeding,  one more remark about  the  proof seems j u s t i f i e d .  

t i s f i e s  t h e  expected u t i l i t y  h y p o t h e s i s .  Thus, throughout t h e  proof of 

Theorem 6 ,  t h e s e  p r o b a b i l i t i e s  a r e  c o n s t a n t .  Both Harsanyi  [1977, Sec t i on  

4.81 and Samuelson [1977, Sec t i on  21 employ p roo f s  which r e q u i r e  t he  

p r o b a b i l i t i e s  t o  t ake  on s p e c i f i c  va lue s  independent  of 4 . m i l e  

t h i s  procedure i s  fo rmal ly  c o r r e c t ,  i t  does seem i n c o n s i s t e n t  w i t h  t h e  

s p i r i t  of t h e i r  work, p a r t i c u l a r l y  i f  t h e  p r o b a b i l i t i e s  a r e  i n t e r p r e t e d  

t o  be  o b j e c t i v e ,  a s  appears  t o  be  t h e  ca se  w i t h  Harsanyi .  

T7e t u r n  now t o  t h e  u t i l i t a r i a n  i m p l i c a t i o ~ ~ s  of Theorem 6 .  

C 
From (5 .16 ) ,  we have,  f o r  a l l  xC, Y E s", 

k  ;Zk -k yC - CaF ? ( x , i )  > C a .  U ( y , i ) ,  "p 1 1 
i i 

where * i s  person k ' s  s o c i a l  e v a l u a t i o n  f o r  t he  extended u t i l i t y  ";;. 
--k 

f u n c t i o n  U . This  i s  a  weighted u t i l i t a r i a n  e v a l u a t i o n  for t h e  func t ions  

- l  * 
(U  ) .  [See ( 5 . 4 ) . 1  

1 

To determine t he  choice  of t he  extended u t i l i t y  f u n c t i o n  t o  use i n  

forming t h e  s o c i a l  e v a l u a t i o n ,  we now apply  t h e  ( s l i g h t l y  modif ied)  p r in -  

c i p l e  of acceptance t o  t h i s  r u l e .  To do t h i s ,  we must d e f i n e  Bentham 

C 
u t i l i t i e s  over  S  . This i s  done w i th  t h e  Bentham u t i l i t y  f u n c t i o n  on S ,  

and we have 



V x C  E sC and a l l  i E N .  The p r i n c i p l e  of acceptance i n  Sec t ion  4 i s  

simply modified t o  t he  new domain. We can now proixe : 

Theorem 7 : I f ,  i n  addi t ion t o  the assumptions o f  Theorem 6 ,  yk s a t i s f i e s  

information invariance with numerical comparability and i f  social  evalua- 

t i ons  s a t i s f y  the principle o f  acceptance over sC , then 

* - 1  * - 1  
X R Y  N '+-+ z a k ?  [ ~ ( x , i ) ] >  ~ a k ?  [ ~ ( ~ , i ) ] ,  

B 
1 1  1 1  i i 

where a! > o - V  i ,  k E N and xk i s  the k t h  person's social  ordering 
1 

" % 

Proof : Given numerical comparabi l i ty ,  the  p r i n c i p l e  of  acceptance re- 

qu i r e s  (us ing  (5.4))  t h a t  

C 
f o r  a l l  X E sC and i, k E N. Solving f o r  ? and using (5.16) y i e l d s  

Symmetry of t he  o rde r ing  2 i n  t he  Bentham u t i l i t i e s  y i e l d s  : 
N 

B 

+ 
Theorem 8 : If, i n  addit ion t o  assumptions o f  Theorem 7 ,  F i s  symmetric 

i n  the Bentham u t i l i t i e s  (any pe rmta t i on  o f  Benthcim u t i l - i t i e s  among 

people i s  a matter o f  social, i nd i f f e r ence ) ,  then 

C +  C -  
X R Y  

k 
TV zg [ B ( x , i ) l  2 g k b 3 ( y , i ) l .  
B i i 



Proof : Symmetry of (5 .21)  i n  t h e  Bentham u t i l i t i e s  y i e l d s  

k * '  k ; ;" '  
a .  ( t )  = a 

k 
( t )  =: g ( t ) ,  V i ,  j E N .  

1 i j j 

I n  Theorems 7 and 8, we assumed numerical  comparab i l i ty  s o  t h a t  3 
N C 

and B co inc ide  on S . This i s  t h e  s t r o n g e s t  comparab i l i ty  assumption 

N + 
(between B and U ) t h a t  we can u se .  Yet i n  t h e  presence  of t h i s  

complete w e l f a r e  i n fo rma t ion ,  i t  i s  c l e a r  t h a t  we have no t  been a b l e  t o  

argue f o r  u t i l i t a r i a n i s m .  Rather ,  t he  a d d i t i v e l y  s epa rab l e  (5.19) and 

(5.21) a r e  ob t a ined ,  w i t h  d i s t r i b u t i o n a l  p r e f e r ences  over  Bentham u t i l -  

k  '!+- 1 
i t i e s  d i c t a t e d  by {a i )  , {IJi 1 , and 1 ~ ~ 1 .  

I f  we r e s t r i c t  t he  i n fo rma t ion  a v a i l a b l e  t o  agents  s o  t h a t  iTk sa-  

t i s f i e s  in format ion  i n v a r i a n c e  w i t h  c a r d i n a l  comparab i l i t y ,  ijk need 

N 

only be  a  p o s i t i v e  a f f i n e  t r ans fo rma t ion  of  B.  It i s  s t r a i g h t f o r n a r d  

t o  e s t a b l i s h  t h a t  w i t h  t h i s  comparab i l i t y  assumption,  t h e  f u n c t i o n s  g 
k 

i n  (5 .23)  can be  s e t  equa l  t o  t h e  i d e n t i t y  mapping. For b r e v i t y ,  we do 

no t  s t a t e  t h i s  fo rmal ly .  Thus, w i t h  c a r d i n a l  comparab i l i t y ,  i t  i s  pos- 

s i b l e  t o  o b t a i n  t he  u t i l i t a r i a n  o r d e r  i n  t h e  expected u t i l i t y  model, a s  

was done i n  t h e  previous s e c t i o n .  Again t h i s  i s  no t  a  p a r t i c u l a r l y  sa- 

t i s f a c t o r y  r e s u l t ;  t h e  use  of c a r d i n a l  comparab i l i t y  means t h a t  moral ly  

r e l e v a n t  in format ion  i s  b e i n g  ignored  through t h e  use of an  a r b i t r a r y  

in format ion  r e s t r i c t i o n .  

Returning t o  t h e  ca se  of f u l l  numerical  comparab i l i t y ,  s o  f a r  we 

N c 
have asked t h a t  ijk and B c o i n c i d e  on ly  over  S . It remains t o  be  s een  

whether t h e  p r i n c i p l e  of accep tance  can s t r e n g t h e n  Theorems 7 and 8 when 



M N 

t h e  p r i n c i p l e ' s  domain i s  extended t o  S . To do t h i s ,  w e  a sk  B t o  be  

6 - 4  

d e f i n e d  on S ~ X N  and r e q u i r e  each B e , )  t o  s a t i s f y  t h e  expec ted  u t i l -  

i t y  h y p o t h e s i s .  Then 

where each b1 i s  i n c r e a s i n g  i n  i t s  argument.  If t h e  p r i n c i p l e  of  ac- 

M 
cep tance  i s  r e q u i r e d  t o  h o l d  o v e r  S and we have numer ica l  c o m p a r a b i l i t y ,  

- +  
t h e n  B = U . I n  t h i s  c a s e ,  w e  have 

+-+ ~ p ~ i i ( x ~ , i )  2 2 p m P ( y m , i )  [ u s i n g  (5.25) 1 

f o r  a l l  X, Y E sM and i E N .  

A s t a n d a r d  r e s u l t  i n  expec ted  u t i l i t y  t h e o r y  t e l l s  us  t h a t  f o r  each  

k 
i ,  t h e r e  e x i s t  y. > O y  6; such t h a t ,  f o r  each  x E  S ,  

1 

We now prove : 

Theorem 9 : I f ,  i n  addi t ion t o  the  assumptions o f  Theorem 7 ,  social  eva- 

luations sa t i s f g  -the pprincipZe of acceptance over sM , then 

-k where ai  > 0  for a l l  k ,  i E N .  



Proof : Reproducing (5.19) 

and from (5.27) , 

-k 
where a. = a. 

1 
for all i,  EN. 

1 "i 

* 
C i - 

Since B(x,i) = B(X ,i) = b  [~(x,i)] for all x and i from 

(5.25), the theorem is proved. 

In (5.21), the functions { I  may vary from one evaluator to an- 
1 

other. However, the analogous functions {bi l  in (5.28) are common across 

evaluators. Individuals attitudes toward risk (in Bentham utilities) 

dictate the curvature properties of the social evaluation. 

Theorem 10 : I f ,  i n  add i t ion  t o  t h e  assumptions o f  Theorem 8 ,  socia2 

evaZuations s a t i s f y  t h e  principZe o f  acceptance over sM t hen  

X R Y  C4c N C + +  Zg[B(x.i)l 2 Zg[B(y,i)l, 
B i i 

where g i s  increas ing  i n  i t s  argument. 

Proof : The assumptions of Theorem 8 and the principle of acceptance over 

sM imply symmetry in (5.28) ; hence 



f o r  a l l  i ,  j, k E N ,  and f o r  a l l  t i n  t h e  range of B. Rewri te  

S ince  t h e  l e f t  s i d e  of (5.32) i s  independent of k ,  s o  i s  t h e  r i g h t  

s i d e  and 

say .  

S u b s t i t u t i n g  i n t o  (5.31) y i e l d s  

. - I  .-I  
1 

a - b  ( t )  = a . b J  ( t )  =: g ( t ) ,  say,  
1 J 

which must be independent of i and j . 
I n s e r t i n g  (5.34) i n t o  (5 .38)  y i e l d s  (5 .30) .  

Symmetry (Theorem 10) t h e r e f o r e ,  r e q u i r e s  a  common a t t i t u d e  toward 

r i s k  i n  Bentham u t i l i t i e s  by a l l  i n d i v i d u a l s .  13 

Again, t h e  o rde r ings  w e  have ob ta ined  a r e  no t  u t i l i t a r i a n  s i n c e  t h e r e  
- 1 

-k i 
i s  no reason  t o  assume t h a t  (a ib  ) o r  g i s  an a f f i n e  t rans form.  

13 I t  i s  apparen t  t h a t  t h e  requirement  t h a t  i n d i v i d u a l  a t t i t u d e s  toward 
r i s k  should d i c t a t e  the  e v a l u a t o r ' s  d i s t r i b u t i o n a l  p r e f e r ences  i s  in -  
compat ible  w i t h  symmetry (anonymity) u n l e s s  i n d i v i d u a l s  s h a r e  a  common 
a t t i t u d e  toward r i s k  i n  Bentham u t i l i t i e s .  The e t h i c a l  d e s i r a b i l i t y  of 
t h i s  s o r t  of "consumers' sovere ign ty"  i s  open t o  q u e s t i o n .  



F u r t h e r ,  i n  (5 .21)  and (5 .23) ,  t h e r e  i s  no nece s sa ry  agreement w i t h  t h e  

t rans forms  used i n  t h e  a d d i t i v e l y  s e p a r a b l e  r e p r e s e n t a t i o n s  found i n  t h e  

p rev ious  s e c t i o n .  Consequent ly ,  w i t h  numer ica l ly  compa rab i l i t y  , t h e  ex- 

pec ted  u t i l i t y  approach and t h e  s e p a r a b l e  soc i a l -we l f a r e  f u n c t i o n  approach 

w i l l  t y p i c a l l y  r e s u l t  i n  d i u e r e n t  o r d e r i n g s  o f  S even i f  t he  same 

Bentham u t i l i t i e s  f o r  c e r t a i n  even t s  a r e  used i n  bo th  c a s e s .  

6. EQUAL PROBABILITIES BEHIND A VEIL OF IGNORANCE 

I n  t h i s  s e c t i o n ,  we assume u n c e r t a i n t y  about t h e  s t a t e  of n a t u r e  

t h a t  occurs  ( a s  we d i d  b e f o r e )  and add an  a d d i t i o n a l  u n c e r t a i n t y ,  t h e  

person t h a t  t h e  e v a l u a t o r  w i l l  t u r n  o u t  t o  b e .  I n  t h i s  model, t h e  l a t t e r  

i n fo rma t ion  i s  viewed t o  be  mora l ly  i r r e l e v a n t .  The e v a l u a t o r  (person  k )  

14 i s  thought  of a s  be ing  behind a  v e i l  of ignorance .  The e v a l u a t o r  pur-  

sue s  h i s  own i n t e r e s t  i n  t h i s  s i t u a t i o n ,  b u t  t he  knowledge t h a t  he  i s  t o  

be  each i n d i v i d u a l  w i t h  p r o b a b i l i t y  I / n  gua ran t ee s  p r e f e r e n c e s  over  

s o c i a l  s t a t e s  t h a t  resemble moral  p r e f e r e n c e s .  Models of t h i s  s o r t  have 

been cons idered  by Vickery [1945, S e c t i o n  111; 19601 and Harsanyi  c1953; 

1955, S e c t i o n  111; 1977, S e c t i o n  4.11.  

l4 For s i m p l i c i t y  we u se  Rawls ' ( 1971 ) terminology t o  d e s c r i b e  t h e  cho i ce  
s i t u a t i o n .  Th is  u se  of t h e  word "ignorance" d e p a r t s  from i t s  formal  
d e f i n i t i o n  i n  t he  theory  of cho ice  under ignorance  where,  a s  w i t h  Rawls, 
agen t s  a r e  depr ived  of any i n fo rma t ion  which would a l l ow  p r o b a b i l i t i e s  
t o  be  a t t a c h e d  t o  s t a t e s  of the wor ld .  Both Rawls and Harsanyi  assume 
t h a t  agen t s  a r e  s e l f - i n t e r e s t e d  b u t  d i f f e r  i n  t h e i r  i n t e r p r e t a t i o n  of 
w h a t  c o n s t i t u t e s  mora l ly  i r r e l e v a n t  knowledge. F o r  R a w l s ,  mora l l y  i r -  
r e l e v a n t  knowledge i n c l u d e s  a t t i t u d e s  towards r i s k  and u n c e r t a i n t y .  



A s  i n  S e c t i o n  2, we l e t  S  be  t h e  s e t  of c e r t a i n  outcomes.  S x N  

i s  t h e  s e t  of s o c i a l  " s t a t i o n s " .  A t y p i c a l  member of S x N  i s  ( x , i l 9  

"be ing  p e r s o n  i i n  s t a t e  x". There a r e  M s t a t e s  o f  n a t u r e ,  and an  

u n c e r t a i n  outcome i s  X E sM. F o r  u n c e r t a i n t y  abou t  o n e ' s  name, t h e r e  a r e  

n ( t h e  c a r d i n a l i t y  of N ) s t a t e s  of  i d e n t i t y ,  and a n  u n c e r t a i n  outcome 

n n  R 
i s  1 ( i 2 , . ,  ) N w i t h  each i e x p e r i e n c e d w i t h p r o b a b i l i t y  

l / n .  I f  I c o n s i s t s  of  any p e r m u t a t i o n  of t h e  e lements  of  N ,  t h e n  t h e  

R 
p r o b a b i l i t y  of b e i n g  a g i v e n  p e r s o n  i s  I / n .  I f  each  i = i ,  t h e n  t h e r e  

i s  no u n c e r t a i n t y  o v e r  who one i s  t o  be .  I n  t h i s  c a s e ,  we w r i t e  I' E NC.  

rn R 
An o v e r a l l  u n c e r t a i n  outcome i s  a n  e v e n t  i n  sMxPJn w i t h  outcomes ( x  , i  ) 

o c c u r r i n g  w i t h  ( s u b j e c t i v e )  p r o b a b i l i t y  p / n .  T h i s  u n c e r t a i n  outcome i s  rn 
1 1  2 1  M . I  1 n  2 n  M . n  

w r i t t e n  ( X , I )  = [ ( x  , i  ),(x , i  ) , -b -e . , (x  ? l  ) ;  ...;( x  > i  ) , ( x  1 , - . . , ( x  ,I ) I *  

Pe r son  k  (k E N)  i s  assumed t o  have a n  o r d e r i n g  (2) o v e r  

s ~ ~ N ~  r e p r e s e n t e d  by t h e  f u n c t i o n  $, s o  t h a t  

--k 1 1 m R M . n  
( x , I ) + ( Y , J )  - v [(x , i  , ,i . x  1 ) I  

We assume t h a t  k l s  p r e f e r e n c e s  s a t i s f y  t h e  e x p e c t e d  u t i l i t y  h y p o t h e s i s ,  

s o  t h a t  we can  w r i t e  

C N 
Now suppose  t h a t  X = X , or t h a t  x o c c u r s  f o r  c e r t a i n ,  and t h a t  I = I 

= [ I  , 2 , .  . . , n ] ,  or  t h a t  k w i l l  b e  p e r s o n  i w i t h  ~ r o b a b i l i t ~  I / n .   his 

induces  an o r d e r i n g  on S , and we w r i t e  



*k C N - k  C N 
x R  y - (X ,I ) R  (Y ,I ) .  

Theorem 11 : If k ' s  preferences over  sM x N~ satisf' the  expected u t i t -  

i t y  hypo thes i s  and if the  ordering ik i s  d e f i n e d  by ( 6 . 3 )  , t h e n  

The proof i s  immediate,  g i v e n  (6 .2)  and t h e  d e f i n i t i o n  of xC and 

N I .  

We now r e l a t e  t h e  f u n c t i o n s  ?, ?, V k  E N t o  t h e  (ex tended)  

N h) 

Bentham u t i l i t y  f u n c t i o n s  B  and B  . As i n  S e c t i o n  5 ,  B ( X , j )  i s  t h e  

C 
' (Bentham) u t i l i t y  j g e t s  from X and B ( x , j )  = B(X , j ) .  We assume 

N 

t h a t ,  f o r  each j ,  B ( * , j )  s a t i s f i e s  t h e  expec ted  u t i l i t y  h y p o t h e s i s .  

Theref o r e ,  ( reproduc ing  ( 5 . 2 5 ) ) ,  

- 
F u r t h e r ,  we would l i k e  t o  r e q u i r e  t h a t  each  p e r s o n ' s  o r d e r i n g  R~ o v e r  

sMx N" a g r e e  w i t h  (5.25) o v e r  a l l  e v e n t s  where he  i s  h imse l f  f o r  c e r t a i n .  

That i s ,  

M 
f o r  a l l  j E N and a l l  X ,  Y E S . A s  w e l l ,  w e  would l i k e  p e r s o n  k ' s  

o r d e r i n g  over  a l l  e v e n t s  where h e  i s  j f o r  c e r t a i n  t o  c o i n c i d e  w i t h  

agen t  j ' s  o r d e r i n g  of t h e  same e v e n t s .  Thus, 



M 
f o r  a l l  j ,  k E N and f o r  a l l  X,  Y E S . We d e f i n e  t h e  principle of  

acceptance for the v e i l  of  ignorance a s  s a t i s f a c t i o n  of t h e  requirement  

N 

t h a t  @[(*,J ' )]  and B ( * , j )  be long  t o  t h e  same in fo rma t ion  s e t  . Thus, 

N 4 c M 
f o r  numerical  compa rab i l i t y ,  B(X,J) = V [ ( X , J  ) ]  V X  E S . This  p r i n -  

c i p l e  i m p l i e s  (6 .5 )  and (6 .6 )  f o r  any comparab i l i t y  r u l e  ( i n c l u d i n g  or-  

d i n a l  non-comparabi li t y )  . 
From (5 .25 ) ,  ( 6 . 2 ) ,  and (6 - 5 )  w e  n o t i c e  t h a t  

M 
f o r  a l l  j E N and f o r  a l l  X ,  Y E S . It  fo l lows  t h a t  t h e r e  e x i s t  

k y. > 0 and 6k such t h a t  
J j 

f o r  a l l  j E N and f o r  a l l  x E S .  We a l s o  know, g iven  numer ica l  com- 

p a r a b i l i t y  and t he  p r i n c i p l e  of accep tance  t h a t  

f o r  a l l  X E sM and a l l  k ,  j E N .  This  e n a b l e s  us t o  prove : 

Theorem 12 : I f ,  i n  addit ion t o  the  asswnptions o f  Theorem 1 1,  k 's pre- 

ferences s a t i s f y  the principle o f  acceptance wi th  nwnericaZ comparabi l i t y ,  

then 

and 



for a22 x, y  E S  and f o r  a22 k E N .  

Proof : (6 .10)  i s  immediate from ( 6 . 2 ) ,  ( 6 . 4 ) ,  and ( 6 . 8 ) .  From t h e  f a c t  

N 

t h a t  B ( x ' , ~ )  = B ( x , i )  and ( 5 . 2 5 ) ,  

and (6 .11)  i s  e s t a b l i s h e d  from (6 .10 ) .  

Th is  r e s u l t  i s  i d e n t i c a l  t o  t h e  r e s u l t  o f  S e c t i o n  5 when t h e  p r i n -  

c i p l e  of accep tance  i s  r e q u i r e d  t o  h o l d  on sM. Again t h e  o r d e r i n g  i s  

-i 
not  u t i l i t a r i a n  s i n c e  t h e r e  i s  no r ea son  t o  assume t h a t  b  i s  a f f i n e .  

Symmetry i n  t h e  Bentham u t i l i t i e s  w i l l  r e q u i r e  'P 

t h e  same r e s u l t  a s  t h a t  proved i n  Theorem 10. Again, we do n o t  g e t  t h e  

u t i l i t a r i a n  o rde r i ng .  

To o b t a i n  t h e  u t i l i t a r i a n  o r d e r i n g ,  i t  i s  n e c e s s a r y ,  a s  i n  t h e  pre-  

v ious  s e c t i o n s ,  t o  r e s t r i c t  t he  a l lowable  i n fo rma t ion  t o  t h a t  c o n s i s t e n t  

w i t h  c a r d i n a l  compa rab i l i t y .  While i t  i s  g r an t ed  t h a t  a c e n t r a l  f e a t u r e  

of t h e  p r e s e n t  model i s  t h e  r e s t r i c t i o n  of t h e  i n fo rma t ion  a v a i l a b l e  t o  

t h e  e v a l u a t o r ,  i t  i s  on ly  mora l ly  i r r e l e v a n t  i n fo rma t ion  which i s  t o  be  s o  

r e s t r i c t e d .  On t h e s e  grounds one can j u s t i f y  t h e  ignorance  about  o n e ' s  

p l a c e  i n  s o c i e t y ;  we do n o t  b e l i e v e  this o b j e c t i v e  p r o v i d e s  a b a s i s  f o r  

i g n o r i n g  t he  w e l f a r e  i n fo rma t ion  n e g l e c t e d  by c a r d i n a l  compa rab i l i t y .  



C O N C L U D  I NG RET+IARKS 

A key f e a t u r e  of our  a n a l y s i s  i s  t h e  d i s t i n c t i o n  between a  s o c i a l -  

we l f a r e  func t ion  which o rde r s  u t i l i t y  n- tuples  and a soc i a l - eva lua t ion  

f u n c t i o n a l  which o rde r s  s o c i a l  s t a t e s .  Even i f  a l l  agents  have the  same 

soc i a l -we l f a r e  f u n c t i o n ,  by u t i l i z i n g  d i f f e r e n t  extended u t i l i t y  func t ions ,  

d i f f e r e n t  agents  can o b t a i n  d i f f e r e n t  s o c i a l  e v a l u a t i o n s .  Our p r i n c i p l e  

of acceptance r e q u i r e s  each e v a l u a t o r  t o  use an extended u t i l i t y  func t ion  

which i s  in format iona l ly-equiva len t  t o  t h e  ob jec t ive ly-g iven  Bentham 

u t i l i t y  func t ion .  

Claude d'Aspremont has  po in t ed  o u t  t o  us t h a t  i t  i s  no t  e s s e n t i a l  

f o r  ou r  r e s u l t s  t h a t  we have a  Bentham u t i l i t y  func t ion  a s  an o b j e c t i v e  

s t anda rd .  It i s  s u f f i c i e n t  t h a t  a l l  agents  use  the  same informat ion  s e t  

i n  forming t h e i r  s o c i a l  e v a l u a t i o n s ;  t h i s  can be accomplished wi thout  t h e  

k 
use  of o b j e c t i v e  u t i l i t i e s .  A s  b e f o r e ,  U ( x , i )  i s  t h e  va lue  person k 

a t t r i b u t e s  t o  being person i i n  s t a t e  x. I n  p l ace  of t he  p r i n c i p l e  oE 

acceptance ,  we can use a  principle of consensus ; t h e r e  i s  agreement among 

e v a l u a t o r s  on the  choice of t h e  r e l e v a n t  in format ion  s e t  t o  use i n  s o c i a l  

decision-making. 

We have p re sen t ed  t h r e e  models of extended p re fe rences  and s o c i a l  

e v a l u a t i o n .  I n  each ca se  a  s e r i e s  of assumptions has  been employed and 

i t s  imp l i ca t i ons  explored .  For each s e t  of assumptions,  t h e  r e s u l t  has  

been a  s o c i a l - e v a l u a t i o n  func t ion  which i s  a d d i t i v e l y  s epa rab l e  i n  t h e  

i n d i v i d u a l  Bentham u t i l i t i e s .  I n  each c a s e ,  g iven  complete we l f a r e  in -  

formation,  the  s o c i a l  ranking i s  n o t  t h e  u t i l i t a r i a n  one. To o b t a i n  t he  



u t i l i t a r i a n  o r d e r ,  i n  each model i t  i s  nece s sa ry  t o  r e s t r i c t  t h e  usab le  

we l f a r e  i n fo rma t ion  t o  t h a t  a l lowed by c a r d i n a l  compa rab i l i t y .  We have 

no t  found any pe r sua s ive  j u s t i f i c a t i o n  f o r  t h i s  i n fo rma t ion  r e s t r i c t i o n  

i n  t h e  l i t e r a t u r e .  

We t h e r e f o r e  conclude t h a t  ~ a r s a n y i ' s  arguments a r e  e f f e c t i v e  (and 

pe r sua s ive  i n  t h e  p resence  of t h e  w e l f a r i s m  axioms) arguments f o r  add i -  

t i v e  s e p a r a b i l i t y  r a t h e r  t h a n  f o r  u t i l i t a r i a n i s m .  U n f o r t u n a t e l y ,  t h i s  

requirement  l eaves  a  good d e a l  of freedom f o r  t h e  s o c i a l  e v a l u a t o r .  He 

may adopt  t h e  u t i l i t a r i a n  r u l e ,  b e i n g  i n d i f f e r e n t  t o  a l l  d i s t r i b u t i o n s  

of a  g iven  amount of t o t a l  u t i l i t y ,  o r  adopt  p r e f e r e n c e s  such as 

r 
*,y , 2 ( * ( ~ , i ) )  > 2 ( ~ ( y , i ) ) ~  

r r (7 .1)  
i i 

( a s  long a s  t h e  range of B i s  r e s t r i c t e d  t o  + +  which, a s  r -P -00 

approaches t h e m a x i m i n r u l e .  Thus, ~ a r s a n y i ' s  arguments a r e  c o m p a t i b l e w i t h a  

very wide range of d i s t r i b u t i o n a l  judgements.  However, i n  t h e  models of 

Sec t i ons  5 and 6 ,  t he se  judgements a r e  no t  t h e  c r e a t i o n  of  t h e  e v a l u a t o r  

a l o n e ;  t hey  a r i s e  from the  a t t i t u d e  toward r i s k  of t h e  i n d i v i d u a l s  i n  a 

s o c i e t y .  I f  symmetry i n  t he  Bentharn u t i l i t i e s  i s  imposed, we have 

x R y  - E g ( B ( x , i ) )  Z g ( ~ ( y , i ) )  (7 .2 )  
i i 

where g r e p r e s e n t s  a common s o c i a l  a t t i t u d e  t o  r i s k  i n  t h e  Bentham u t i l -  

i t i e s .  I n  t h i s  c a s e ,  i t  i s  no t  a l l  obvious  whether  t h e  cho ice  of g 

should  b e  based on t he  p r e f e r ences  of i n d i v i d u a l s  o r  whether  i t  should  be  

t he  s u b j e c t  of a s e p a r a t e  moral d e c i s i o n .  
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